Abstract. We first describe the tangent space to the affine flag manifold associated to a simple algebraic group over C at the distinguished point starting from standard definitions. We then construct projective lines in the affine flag manifold tangent to given root vectors associated to imaginary roots of the corresponding affine Kac-Moody algebra and describe in which Schubert varieties they lie.
Q . We will denote the Bruhat order on W by ≤ and the length function by : W → Z ≥0 .
Affine flag manifold and Schubert varieties
In §3.1-3.3 we recall the construction of the affine flag manifold and Schubert varieties following [PR08] .
3.1. Affine flag manifold X. Let G be a simple linear algebraic group over C and B ⊇ T a choice of a Borel and maximal torus subgroup. Below we are going to assume the reader's familiarity with the basic concepts of ind-schemes. An exposition of these can be found e.g. in [Lev13] [Appendix A]. In contrast to this reference we are, however, going to consider an ind-scheme as a (covariant) functor Alg / C → Set.
The affine flag manifold is defined as in [PR08] [equation (1.6)] as the quotient of fpqcsheaves L G/ L + I, where the Iwahori group I is considered as a smooth affine group scheme over Spec C [[t] ]. Below X will always denote the affine flag manifold. We recall that L + I is (represented by) an affine group scheme over C not of finite type [PR08] [section 1] that is the preimage of B under the natural morphism L + G → G. Here L + G denotes the similar construction where we consider the group scheme over Spec C [[t] ] induced by G. Also, L G is a group ind-affine ind-scheme over C. We have a quotient morphism π : L G → X.
The basic theorem about X is Theorem 3.1.
[PR08][Theorem 1.4] X is a strict ind-scheme of ind-finite type over C.
The unit 1 ∈ G(C((t))) defines the distinguished point of X. We will also denote it by 3.2. Weyl group W . For the remaining article we assume G to be simply connected. Let N be the normalizer of T in G. We have an isomorphism of groupš
It extends to an isomorphism of the short exact sequences of groups
We define for w ∈ W the pointẇ ∈ X(C) by any preimage of w under the map
. We recover the distinguished point of X as1.
3.3. Schubert varieties X w . We define the (affine) Schubert cell X w and (affine) Schubert variety X w as in [PR08] [Definition 8.3] (denoted by C w and S w in loc. cit.). Then
. X w is a closed subscheme of X and an irreducible projective variety carrying an action of L + I. We have closed embeddings X w → X v when w ≤ v. 
Also we introduce T KM as the quotient of I KM by its pro-unipotent radical. Then
×T is an algebraic torus over C. We have a canonical identification X = G KM /I KM of fpqc-sheaves. The X w and X w are I KM -invariant. It is known that the unique
3.5. Points of X with values in a strictly Henselian local ring.
Lemma 3.1. Let R be a C-algebra and a strictly Henselian local ring. The map
Proof. Our reference for the fpqc topology is [GW10] , [Vis05] . Let R be any C-algebra.
We have an "exact" sequence of pointed sets
Here H 1 ((Spec R) fpqc , L + I) denotes the pointed set of isomorphism classes of right torsors over the group scheme L + I on Spec R that become trivial on some fpqc cover of Spec R.
The coboundary map d sends s ∈ X(R) to the class of the torsor P defined by P(S) = π −1 (s|S) for S → Spec R an object of the small fpqc site (Spec R) fpqc . We have a similar
It was proven in [HV11] that this inclusion is an equality (we can replace F q by C in loc. cit.). If R is a strictly Henselian local ring, then
is trivial. Indeed, this follows from the fact that any surjectiveétale morphism S → Spec R has a section [Mil80] [I, Theorem 4.2d)]. The statement of the lemma follows.
4. Tangent space to X at the distinguished point 4.1. Tangent space to an ind-scheme. Let (Y i ) i∈I be a directed family of schemes over C together with closed immersions ι ij :
Let us furthermore assume that for each i ∈ I we have a distinguished point 1 ∈ Y i (C) such that ι ij (1) = 1. The tangent space T 1 Y i is the preimage of 1 under the map
of a fiber product). In the same way we define T 1 Y . We have induced embeddings of C-
with finite inverse limits.
4.2.
Lie algebra of a group-valued functor. Let G : Alg / C → Gp be a (covariant) functor. We define Lie G as Lie G = ker ev, where the group homomorphism ev :
functor of points of a C-scheme G, Lie G coincides with the tangent space of G at the identity, i.e. with the C-vector space (m/m 2 ) * , where m is the maximal ideal corresponding to 1 ∈ G(C), and is known to be a C-Lie algebra. In particular, Lie L + I is a C-Lie algebra. More generally, according to [BBE02] [2.10], Lie G is naturally endowed with the structure of a C-Lie algebra when G commutes with finite inverse limits. As L G is a group ind-affine ind-scheme, its functor of points indeed commutes with finite inverse limits, and hence Lie L G is a C-Lie algebra.
4.3. Tangent space. In this section we return to the affine flag manifold X and abbre-
We define the tangent space T 1 X to X at the distinguished point 1 ∈ X(C) as in § 4.1.
Lemma 4.1. We have a natural identification T 1 X = n
Proof. We claim natural identifications
The action of T KM on Lie G KM is induced by the adjoint action of T KM on G KM and similarly for I KM . We have introduced the homomorphisms ev G KM :
In the first identification we use Lemma 3.1 for the strictly Henselian local rings D and C. Let us explain the second identification. There is clearly a natural map from the rhs to the lhs. Let us construct a map from the lhs to the rhs. Consider the assignment g → g ev G KM (g) −1 . This defines
. ev G KM restricts to the identity on this subgroup. Moreover g → g ev G KM (g) −1 induces a map from the lhs to the rhs as ev G KM (g ev G KM (g) −1 ) = 1 and for h ∈ I KM (D) The fact that X w is invariant under the action of T KM implies that T 1 X w ⊆ T 1 X is a T KM -submodule and hence has a basis of root vectors. In the remaining part of the article, we will study the following two questions.
Question 4.1. Given w ∈ W , which root vectors lie in T 1 X w ?
Question 4.2. Given w ∈ W and a root vector v in T 1 X, does there exist a projective line contained in X w such that v is tangent to it?
Concerning the relation between these two questions, it is clear that an affirmative answer to the second question implies v ∈ T 1 X w , while the converse does not hold in general.
Projective lines associated to real roots
In the one dimensional T KM -orbit closures in X w containing 1 are given by the closures of the images of the root groups ( ∼ = G a ) associated to the elements of the set
The orbit closure associated to α is a projective line contained in X w and containing the T KM -fixed points 1 andṡ −α . These orbit closures are all distinct. Thus, the answer to 
Projective lines associated to imaginary roots
The following theorem is the main result of the article. Its proof constructs a projective line in the affine flag manifold of SL 2 that is tangent, at the distinguished point, to a root vector associated to an imaginary root. The statement of the theorem and its proof should be compared with [Hei10] [Lemma 6].
Theorem 6.1. Let G = SL 2 and n ∈ Z >0 . Letα ∈Q be the positive coroot. Let v ∈ T 1 X be a root vector associated to the imaginary root −nδ (v is unique up to nonzero scalar).
There is a one dimensional G m rot -orbit C in X −3nα such that C \ C = 1 − 3nα and v is tangent to C. C is isomorphic to a projective line.
Proof. 1. Construction of a morphism f : A 1 → X w . at 0 is a root vector associated to the root −nδ. Indeed, the entries of these matrices lie in C[ ]((t)) and hence the product of the matrices defines points in X w for some w ∈ W depending on n. Furthermore it is clear that the image of f is the point 1 together with a one dimensional G m rot -orbit C, see also 3. below.
2. We have f (∞) = t −3n 0 0 t 3n 1 =−3nα and C ⊆ X −3nα .
Here f : P 1 → X w is the unique extension of f , which exists because X w is projective.
The rhs of (6.1) considered as an element of SL 2 ((t))(C[ ]) is
It is easy to show that
holds in X(C[ , α is an isomorphism.
For general G, we deduce the following theorem. It implies an affirmative answer to Question 4.2 when w = −3nα and v is the corootα considered as a root vector associated to the imaginary root −nδ.
andα is tangent to C. C is isomorphic to a projective line.
Proof. Let α be a positive root of g. We have an embedding of Lie algebras sl 2 → g that sends e → e α and f → f α , where e α and f α is the standard generator in g α and g −α respectively. This map is the differential at the identity of a unique closed embedding ι : SL 2 → G of algebraic groups. Let us indicate that an object is constructed for SL 2 instead of G by a superscript (SL 2 ) . The map ι induces an injective group homomorphism ω : W (SL 2 ) → W , by the definition of the Weyl group given in § 3.2. ω embeds the coroot lattice of SL 2 into the one for G by sending the positive coroot of SL 2 toα. Moreover ω embeds the finite Weyl group of SL 2 into the one for G by sending the reflection to s α = e eα e −fα e eα ∈ N/T . We claim that ι induces a closed embedding of Schubert varieties X w (SL 2 ) → X ω(w) for each w ∈ W (SL 2 ) . To prove this, we first note that ι induces a closed embedding of ind-schemes φ : X (SL 2 ) → X. This follows from [BD] [lemma in the proof of Theorem 4.5.1] and the fact that the quotient G/ι(SL 2 ) is affine. Let S be a quasi-compact locally closed subscheme of X (SL 2 ) . Then S is a locally closed subscheme of X w (SL 2 ) for some w ∈ W (SL 2 ) . Furthermore φ induces an isomorphism between the reduced subscheme structure on the Zariski closure of S in X (SL 2 ) and the reduced subscheme structure on the Zariski closure of φ(S) in X. We take S = X (SL 2 ) w , a Schubert cell, and note that the restriction of φ to S defines a closed embedding S → X ω(w) . Hence the reduced subscheme defined on the closure of φ(S) in X is a closed subvariety of the Schubert variety X ω(w) .
It follows that φ induces a closed embedding X w (SL 2 ) → X ω(w) . Theorem 6.1 now implies the statement.
